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A parabolic model to control quantum interference in
T-shaped molecular junctions

Daijiro Nozaki,*a Hâldun Sevinçli,ab Stanislav M. Avdoshenko,ac Rafael Gutierreza

and Gianaurelio Cunibertiad

Quantum interference (QI) effects in molecular devices have drawn increasing attention over the past

years due to their unique features observed in the conductance spectrum. For the further development

of single molecular devices exploiting QI effects, it is of great theoretical and practical interest to

develop simple methods controlling the emergence and the positions of QI effects like anti-resonances

or Fano line shapes in conductance spectra. In this work, starting from a well-known generic molecular

junction with a side group (T-shaped molecule), we propose a simple graphical method to visualize the

conditions for the appearance of quantum interference, Fano resonances or anti-resonances, in the

conductance spectrum. By introducing a simple graphical representation (parabolic diagram), we can

easily visualize the relation between the electronic parameters and the positions of normal resonant

peaks and anti-resonant peaks induced by quantum interference in the conductance spectrum. This

parabolic model not only can predict the emergence and energetic position of quantum interference

from a few electronic parameters but also can enable one to know the coupling between the side

group and the main conduction channel from measurements in the case of orthogonal basis. The

results obtained within the parabolic model are validated using density-functional based quantum

transport calculations in realistic T-shaped molecular junctions.

1. Introduction

Quantum interference (QI) effects in electron transport have
been broadly studied in the field of mesoscopic physics,1–5 and
their appearance in molecular junctions has been suggested
from studies on electron transfer.6,7 In the context of charge
transport in molecular devices, QI effects have drawn increas-
ing attention over the past years due to their unique features
observed in the conductance spectrum.8–32 QI in molecular
devices has vast applications such as molecular switches,
molecular thermoelectric devices, molecular sensors, and
molecular interferometers as shown in Fig. 1. For instance,
since QI effects introduce additional dips in the conductance
spectrum, it may be expected that they can considerably change
the on/off ratios (Fig. 1(b)) and thermoelectric performance of

molecular junctions (Fig. 1(c)).21,26,32 Moreover, since it is
possible to infer the molecular electronic structure as well as
its topological connectivity from the analysis of transport line
shapes, QI related effects might also be exploited for sensor
(Fig. 1(d)) or interferometer applications (Fig. 1(e)) by moni-
toring the changes in the transmission spectrum as a function
of e.g. a magnetic field.

It is therefore of great theoretical and practical interest to
provide simple rules controlling the emergence of different
types of QI effects like anti-resonances or Fano line shapes.8,9,15,19

According to the lineshape, QI effects can manifest either as
anti-resonances (negative, almost symmetric peaks) or as Fano
resonances (asymmetric sharp peaks).3,12–14 As a general quali-
tative trend, T-shaped11,13–15,23,25–29 or cyclic molecules16,29,31

tend to exhibit QI effects in their transmission spectra. Even the
appearance of anti-resonance in the 1D linear chains exploiting
non-orthogonality has been reported.8,17,18

Although many studies of QI effects have been conducted,
the understanding of the origin of anti-resonances and Fano
resonances in molecular junctions is still under debate. For
further development of single molecular devices exploiting QI
effects, the precise relationship between the electronic struc-
ture and QI-induced line shape in conductance spectra needs
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to be understood. Although this can be achieved using extensive
first-principles based calculations, it is also desirable to provide
simple rules relating electronic structure and QI signatures in
molecular scale systems.

Papadopoulos et al.13 and Stadler and Markussen26 have
proposed simple and useful models to predict the appearance
of the QI signatures of T-shaped junctions using two site
approximation. In this work, at first we briefly review the
conditions for the appearance of the two types of QI line shapes
(anti-resonances and Fano resonances) in the transmission
spectra of the T-shaped toy model. Then from the transmission
formula in eqn (3), we propose a simple graphical method –
called a parabolic diagram for simplicity, see Fig. 2(b) – to predict
the type of QI effect and peak positions in transmission spectra in
a graphical way without calculations of transmission function. In
the second part of this study, we validate our parabolic model
approach by computing on a first-principles basis the conduc-
tance of realistic molecular junctions with different side groups
and displaying QI related features, finding a good quantitative
agreement with the parabolic diagram approach. Since we
assume that charges are transported through short molecular
wires via a tunneling mechanism and that molecules are not
weakly coupled to contacts but covalently connected to the
contacts, the effect of Coulomb blockade can be negligible.24

2. Theoretical basis
2.1 Simple model of a T-shaped molecule

We start a generic molecular wire with a side group as sche-
matically shown in Fig. 1(a). The system is attached to left and
right contacts only through the central wire, i.e. the side groups
do not directly couple to the contacts. The operator of the
retarded Green’s function Gr of the molecule attached to the
contacts is given by9,33

GrðEÞ ¼
X

i

cij i cih j
E þ id� ei

; (1)

where |cii corresponds to the molecular orbital (MO) of the
central molecule. Here, ei and |cii are the eigen-value and
eigen-vector (both are complex) of H. H is a Hamiltonian for
the whole system given by H = HM + SL(E) + SR(E), where HM is a
Hamiltonian for the central molecule and SL/R(E) are the self-
energy terms due to the left/right contacts. If the energy spacing
between the MOs is large enough for the broadening of the
MOs due to the contacts (Dei c Im[ei]), the transmission
through the system around energies E B EF is mainly affected
by a few MOs around E since the contribution from deeper
levels is expected to be small because of the large denominators
in eqn (1). In this work we focus this case where coupling of the

Fig. 1 Quantum interference (QI) in molecular junctions and their possible applications: (a) conceptual image of molecular devices exploiting quantum interference
phenomena. A molecular wire with a single side group (T-shape molecule) is coupled between contacts. Electronic states in the side group interfere with the electron
transport through the molecular wire. (b)–(e) Possible applications of quantum interference are shown. Since the QI effect causes abrupt drop in conductance spectra,
it can be applied for (b) molecular switches, (c) thermoelectric devices, (d) QI-exploited chemical sensors, and (d) molecular interferometers.
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molecule to contacts is weak compared with energy spacing Dei.
As a result, as long as we focus on the transmission around
these energies, charge transport in the model can be simplified
to a well-known T-shaped two-site model in Fig. 2(a) as dis-
cussed in ref. 13 and 26. The energy e0 is for the central site and
e1 for the side group. V and S are electronic coupling and
overlap, respectively. Thus, Hamiltonian and overlap matrices
for the molecule are given by

HM ¼
e0 V
V e1

� �
; SM ¼

1 S
S 1

� �
: (2)

In real systems, e0 corresponds to one of the frontier fragment
MOs, which is delocalized over the main chain and is respon-
sible for charge transport, while e1 corresponds to fragment
MOs of the side group, which have the strongest coupling with
the e0 states. Some molecular wires show QI due to the topology
of molecular wires,9,19 but we assume that the state e0 deloca-
lized over the main chain establishes a normal resonant
conduction.

Within Landauer’s theory,33 the transmission function of
the T-shaped toy model can be computed via T(E) =
Tr[Gr(E)GL(E)Ga(E)GR(E)], where GL/R(E) correspond to the spectral
densities of the electrodes. Here we use an orthogonal expression
(S = 0) in ref. 13 and 26. The extension to the non-orthogonal case
(S a 0) is shown later. Since the coupling to the electrodes and to
the side group can be represented by three self energies SL/R(E)
and SS(E) = V2/(E � e1),34 the retarded Green’s function of the
molecular junction in the orthogonal basis can be written as:
[Gr(E)]�1 = (E + id) � e0 – SL(E) – SR(E) – V2/(E � e1).

Energy dependence of the self-energy can be a factor con-
trolling the quantum interference in molecular junctions. In
addition, place of contacts could also be influential.9 However,
the main focus of this study is the controlling of QI in a
T-shaped molecule by tuning electronic parameters of the

molecular wires, thus it is out of scope of this work. If we
neglect the energy dependence of the electrode self-energies
within the wide-band limit (WBL) for simplicity, the contribu-
tion of the reservoirs can be written as SL/R(E) = �igL/R.34 The
broadening GL/R(E) functions are then defined as GL/R(E) =
i[GL/R � GL/R

†] = 2gL/R. Hereafter we assume gL/R = g. The
transmission function of the T-shaped toy model is then simply
given by:13,26

TðEÞ ¼ 4g2

E � e0 �
V2

E � e1

� �2
þ 4g2

; (3)

From eqn (3), it is obvious that when the term (E� e0� V2/(E� e1))2

is a minimum, T(E) attains its maximum. This is a Breit–Wigner
(BW)-type resonant peak with width g. The positions of the
peaks are given by the solutions of the quadratic equation:

(E � e0)(E � e1) � V2 = 0, (4)

with solutions ebond, eanti given by

ebond=anti ¼
e0 þ e1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0 � e1ð Þ2 þ 4V2

q
2

; (5)

where the transmission maxima take place.13,14,26 On the other
hand, the system gives a dip at E = e1 with T(E) = 0, since the
denominator in eqn (3) diverges, limE-e1�0V2/(E � e1) =
�N.13,26,29 At this point we propose a graphical representation
(parabolic diagram) by plotting the variable y = (E � e0)(E � e1)
as a function of the energy E, as shown in Fig. 2(b). Using this
diagram, the peak and dip positions in transmission spectra as
well as their relation to the relevant electronic parameters ebond,
eanti, e0, V, and e1 can easily be visualized.

Although the conditions for Fano resonance and anti-
resonance are also shown using a two site model in ref. 26,

Fig. 2 (a) Schematic image of a molecular junction with a side group considered in this work. A molecule consisting of two fragments is coupled between contacts.
The energies of two fragment molecular orbitals (MOs) are e0 and e1. The transfer integral and overlap matrix between them are given by V and S, respectively. SL/R

represents the self-energies due to coupling to the left/right contacts. (b) Parabolic diagram showing the relation between on-site energies e0, e1 coupling V, and
resonant peaks ebond and eanti. (c) The transmission function obtained from eqn (3) with e0 = 0.0 eV, e1 = 1.0 eV, V2 = 0.5 eV2, S = 0, and g = 0.01 eV. The quantum
interference effect is observed as a negative peak in the transmission spectrum. Its position and the shape of the transmission function can be predicted from the
parabolic model in panel (b).
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from this parabolic model we can see that (i) when |e0 � e1|/|V|
is small, an anti-resonance appears at E = e1, with two sym-
metric resonance peaks at E = ebond and E = eanti, since the two
resonant peaks get apart energetically with increasing |V| or
decreasing |e0 � e1|. We can also see that (ii) when |e0 � e1|/|V|
is large, the system presents asymmetric Fano line shapes since
smaller |V| or larger |e0 � e1| makes a dip and a peak closer in
energy. Interestingly, when e0 is equal to e1, this system does
not show sharp Fano resonance. This is because the two
resonant peaks converge to a single peak in the weak coupling
limit of V.

The usefulness of our parabolic model is that once given a
few key electronic parameters (e0, e1, and V), the energetic
position of positive resonance peaks (E = ebond, eanti) and
negative peaks (E = e1) in T(E) can be estimated from the
parabolic diagram in Fig. 2(b) without explicitly computing
the transmission function from eqn (3) and (6) or by using
more sophisticated numerical methods.

To illustrate this point further, if one would like to examine
the QI effects of molecular wires having e.g. a conducting
fragment MO at e0 = 0.0 eV and a localized fragment MO at
e1 = 1.0 eV with coupling V2 = 0.5 eV2, it is possible to estimate
the position of the BW-type resonance and of an anti-resonance
by drawing the parabola as in Fig. 2(b) without using the
formula in eqn (3). Fig. 2(c) presents the transmission function
calculated from eqn (3) using the same parameters. We can see
that the position of the negative and positive peaks completely
matches with the features of the parabolic diagram. More
interestingly, it is also possible to estimate the coupling V from
the position of the positive and negative peaks in the transmis-
sion function using this parabolic diagram. If the peak
(ebond/anti) and dip (e1) positions can be resolved experimentally,
the on-site energy (e0) and the electronic coupling (V) are
uniquely determined from the parabolic model. First, the
on-site energy (e0) is easily obtained from the centre of the
parabola since (e0 + e1)/2 = (ebond + eanti)/2. Then, V is obtained
by V2 = (eanti � e0)(eanti � e1) or V2 = (ebond � e0)(ebond � e1).

Note that the anti-resonance peaks can be realized in non-
T-shaped molecules8,9,17–19 when the summation of Green’s
function in eqn (1) equals zero, or when the non-orthogonality
is exploited,8,17,18 or when the topology of electronic structure
can be modeled as shown in Fig. 2(a) after the transformation
of the basis such as Löwdin transformation and localized
molecular orbital methods.23,24 In any basis set, as long as
the Hamiltonian of the molecular system can be projected
in the topology of the T-shape as shown in Fig. 2(b), we can
apply the parabolic model to estimate the transmission function
using eqn (3) and (6). Thus, the shape of the molecule does not
always need to be T-shaped. However, the advantage to use
T-shaped molecules lies in the controllability of the negative
peaks. Since the state e1 of the side group always contributes to
the negative peak because of the divergence of Ss at E = e1,13,26,29

the position of the negative peak can be easily tuned by simply
changing the molecular structure of the side groups. In addition,
the coupling V can also be tuned by linkers. Thus, we restrict our
interest in T-shaped molecular structure in this study.

Finally we derive the transmission function of the T-shaped
toy model in non-orthogonal basis within WBL, which is not
derived in ref. 13 and 26. In the case of a non-orthogonal basis
(S a 0), the term Ss = V 2/(E � e1) is replaced by Ss = (ES � V)2/
(E � e1). Then, the term �V 2 in eqn (3) becomes �(ES � V)2,
thus the dotted flat lines in Fig. 2(b) meaning y = V 2 are
replaced by shallow parabolas, y = (ES � V)2. The two solutions
ebond and eanti in the non-orthogonal basis are given by inter-
sections between y = (E � e0)(E � e1) and y = (ES � V)2. The
transmission function of two site approximation of T-shape
molecules within WBL in non-orthogonal basis is given by

TðEÞ ¼ 4g2

E � e0 �
ðES � VÞ2

E � e1

 !2
þ 4g2

; (6)

We used this function for the calculation of transmission as a
toy model in the next section. In the case of non-orthogonal
basis, it is impossible to determine the key parameters (e0, S, V)
from the positions of peaks and a dip from measured transmis-
sion spectra since there are three unknown parameters (e0, S, V)
to the two simultaneous equations; y = (E � e0)(E � e1) and
y = (ES � V)2.

3. Applications
3.1 Remarks on realistic calculations

In order to demonstrate the relevance of the parabolic diagram
for realistic systems, we have designed two molecular wires
with side groups as shown in Fig. 3, which display Fano
resonances and anti-resonances. We call them model A and
model B.

First, we have analyzed the electronic structures of the
T-shaped molecules in the gas phase using the fragment
molecular orbital (FMO) method.35 Then we have predicted
whether the modeled systems satisfy the conditions for Fano
and anti-resonances using the parabolic model and the non-
orthogonal version of the simple toy model. Finally we con-
firmed the prediction by calculating the transmission functions
using a density functional based approach. As electrodes, we
chose hydrogen terminated semi-infinite Si(111) slabs. We used
the gDFTB program36 for the transmission calculations, which
is based on a density-functional tight binding method.37 In
order to release strains between the side groups and the main
chain, and between the molecular wires and the electrodes,38,39

all transmission calculations were performed after structure
relaxation in the same way as in ref. 40 using a minimal basis
set for all of the atoms.41 Although water molecules or other
impurities could be present around the molecular junctions, we
omit them for simplicity.

3.2 Analysis of fragment molecular orbitals

Firstly, in order to generate a Fano resonance, a side-group
needs to be weakly coupled with the main chain such that
the energy level of the eigen-state responsible for the con-
duction (e0) is separated enough from that of the localized
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fragment MO at the side group (e1). For this requirement,
we built model A by grafting the side group (thetrathene-
derivative) vertically to the main chain consisting of p-phenylene
vinylene (PPV). This is how p–p interaction between them can
be weakened.

Next, in order to generate an anti-resonance, we built model
B by strongly coupling a side-group to the main chain such that
the energy level e0 is close to e1. For strong electronic coupling
between them, the side group is linked to the main chain using
an unsaturated sp2 linker.

After the relaxation of models A and B, each T-shaped
molecule in the gas phase was divided into two fragments.
Then, the eigenvalues of each fragment and coupling between
them were calculated using the FMO method35 to estimate the
coupling strength V, overlap S, and how one of the eigen-states
responsible for the conduction (e0) is energetically separated
from that of the localized fragment MO at the side group (e1).
In this study, we focused on the energy range around frontier
orbitals, thus the energy level of the HOMO of the side

fragment was chosen as e1 and that of the HOMO of the main
chain moiety was chosen as e0.

The results of FMO analysis for the model A are presented in
Fig. 3(a). We can see that both of the overlap S and the coupling
V are small in model A because of the twisted grafting of the
side group to the main chain. In addition to the small S and V,
the energy difference between e1 and e0 is large. Note also that
the side group retains a localized orbital (see the HOMO of
model A). Therefore, we can expect that model A manifests a
Fano resonance in the transmission spectrum. On the other
hand, from the FMO analysis of the model B in Fig. 3(b), we can
see that the energy difference between e1 and e0 is small and
that S and V are large. Because of these large S and V, fragment
MOs are hybridized after coupling and the side group no
longer retains localized states (see the delocalized HOMO and
HOMO � 1 of model B). Therefore, we can expect that the anti-
resonance appears from the model B.

It is reasonable to verify these expectations from the para-
bolic model and further to confirm from the non-orthogonal

Fig. 3 (a) and (b) FMO analysis of the two T-shaped molecular wires modeled for the demonstration of Fano and anti-resonances. Model A has a vertically grafted
side functional group, while model B has a side group connected by an sp2 unsaturated linker. In the middle, HOMO and HOMO � 1 of the models A and B are shown
with their energy levels. Fragment MOs (HOMOs) of the side groups are shown on the left side with their energies and fragment MOs of the main chains with their
energies on the right side. Transfer integrals and overlaps between them are shown on the top right. (c) Parabolic diagram for the model A and model B. Parameters
(e0, e1, S, V) are taken from FMO analysis in panels (a) and (b). We can speculate the peaks and dips in the transmission spectra from this diagram without calculating
transmission functions. (d) Transmission spectra calculated from a non-orthogonal version of the 2-site toy model (eqn (6)). g is set to 0.1 meV. Since the model A has
the large value of |e0 � e1|/|V| = 8.68, sharp Fano resonance is observed in the 2-site toy model calculation for the model A.
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version of the T-shaped toy model. For this purpose, we
depicted the corresponding parabolic diagrams for both
models A and B to estimate the line shape of transmission
spectra in Fig 3(c). The parameters (e1, e0, S, and V) are taken
from the FMO analysis in Fig. 3(a) and (b). We can see that the
energy of the side group (e1) yielding the anti-resonance and one
of the intersections between y = (E � e0)(E � e1) and y = (ES � V)2

around E = �5.0 eV are close to each other in model A. On the
other hand, in model B, they are not close enough. From these
diagrams we can expect the Fano resonance from model A and
solely anti-resonance from B around E = e1. In order to confirm
these expectations from the parabolic diagrams, we have
calculated transmission spectra using the non-orthogonal version
of the 2-site toy model in eqn (6). Fig. 3(d) presents transmis-
sion spectra of the models A and B. As expected from the

parabolic model, we can see Fano resonance in model A and
anti-resonance in model B.

3.3 Validation of the parabolic diagram: first-principles
transport calculations

As a further validation of the prediction deduced from the FMO
analysis of model systems in the gas phase with the parabolic
diagram and the toy model in the previous subsection, we
connected the modeled systems between contacts and calcu-
lated the transmission spectra using a first principles transport
calculation method36 (gDFTB). We used carboxylic acids for the
linkers connecting between the T-shaped molecule and the Si
contacts.

Fig. 4 summarizes the transmission and total (DOS) and pro-
jected DOS (PDOS) plots of the modeled systems. In the absence of

Fig. 4 Demonstration of Fano resonance (left panels) and anti-resonance (right panels).
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the side group, the region with low transmission spreads from the
HOMO to the Fermi energy. From this peak around E = �5.4 eV,
the aforementioned assumption that the main chain establishes
normal resonance through the delocalized state is validated.
In the presence of the side group, a Fano resonance appears
around E = �4.9 eV (green line in Fig. 4(d)) in model A due to
the interference between the localized state from the side group
and the conduction state as expected from the parabolic model
and the toy model analysis in Section 3.2. We can clearly see the
localized state around E = �4.9 eV originating from the side
group in the PDOS plot (blue line) in Fig. 4(h).

As for the model B, we can see that the resonant peak of the
pristine system at �5.4 eV (red line in Fig. 4(e)) splits into
bonding and anti-bonding peaks after the attachment of the
side group because of the strong electronic interaction between
the side group and the main chain (see green lines in Fig. 4(e)
and (g)). The transmission of model B gives an anti-resonance
peak between the bonding and anti bonding peaks as expected
from the parabolic model and the toy model analysis in Section 3.2.
From the PDOS plot in Fig. 4(i), it is clear that the states of the
side group are not localized anymore (thus not satisfying the
conditions for Fano resonance) but delocalized with the main
chain because of the strong electronic interaction between the
side group and the main chain.

4. Conclusions

We have developed a simple graphical model to predict the
appearance and the positions of the quantum interference in
transmission spectra in the T-shaped molecular junctions. By
introducing a parabolic diagram, the relationship between key
electronic parameters and the line shape of the transmission
spectra can be visualized without calculating transmission
functions. We have demonstrated two types of quantum inter-
ference phenomena, Fano and anti-resonances in transmission
spectra using the parabolic model with the T-shaped toy model.
Our prediction with those models was validated for realistic
T-shaped molecular junctions using first-principles transport
calculations. Thus, the parabolic model potentially allows for
tailoring the molecular system presenting Fano- or anti-resonance
as desired. Our results are expected to provide very helpful
guidelines for building functional molecular devices which
exploit QI effects.
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